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Abstract
An eigenvalue of a graph G is called a main eigenvalue if it has an eigenvector the sum of whose entries is not equal to zero,
and it is well known that a graph has exactly one main eigenvalue if and only if it is regular. In this work, all connected unicyclic
graphs with exactly two main eigenvalues are determined.
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1. Introduction
Throughout this work, G is a simple graph with vertex set V = {v1, v2, . . . , vn} and edge set E and adjacency
matrix A = A(G) with eigenvalues λ1, λ2, . . . , λn . We call λ1, λ2, . . . , λn the eigenvalues of G. An eigenvalue of a
graph G is called a main eigenvalue if it has an eigenvector the sum of whose entries is not equal to zero. We denote
by m(G) the number of main eigenvalues of G. We may index the eigenvalues of G so that the first m(G) are main. It
is well known that a graph is regular if and only if it has exactly one main eigenvalue.
A long-standing problem posed by Cvetkovic´ (see [1]) is that of how to characterize graphs with exactly
k (k ≥ 2) main eigenvalues. Recently, Hagos [2] gave an alternative characterization of graphs with exactly two main
eigenvalues. The aim of this work is to describe exactly all unicyclic graphs with precisely two main eigenvalues. The
organization of this work as follows: in Section 2 we define 2-walk linear graphs and obtain some basic facts about
2-walk linear graphs and graphs with exactly two main eigenvalues; and in Section 3, all connected 2-walk linear
unicyclic graphs (i.e., connected unicyclic graphs with exactly two main eigenvalues) are determined.
2. 2-walk linear graphs and main eigenvalues
For a graph G, the number of walks of length k of G starting at v is denoted by dk(v) and the number of all walks
in G of length k is denoted by Wk = Wk(G). Clearly, one has d0(v) = 1, d1(v) = d(v), the degree of vertex v,
W0 = n = |V |, W1 = 2|E |, and dk+1(v) =∑u∈NG (v) dk(u), for every integer k ≥ 0, where NG (v) = {u ∈ V | there
is an edge between u and v in G} is the set of all neighbors of v in graph G.
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A graph G is called 2-walk (a, b)-linear if there exist unique rational numbers a, b such that
d2(v) = ad(v) + b (1)
holds for every vertex v ∈ V (G).
Remark. In view of the above definition, a 2-walk linear graph must be irregular, since for an r -regular graph, one
has d2(v) = rd(v) + 0 and also d2(v) = 0d(v) + r2.
If b = 0, then 2-walk (a, b)-linear graphs are a-harmonic irregular graphs in [3], and harmonic graphs have been
investigated recently [3–5].
Let G be a graph, and let j denote the all-one vector. We call the matrix W (G) = ( j, A j, . . . , An j) the walk-matrix
of G. Recently, Hagos [2] showed that
Theorem 1 ([2, Theorem 2.1]). The rank of the walk-matrix W (G) is equal to the number of main eigenvalues.
Lemma 2 ([2, Corollary 2.3]). If G has exactly m main eigenvalues λ1, . . . , λm, then
∏m
p =i (A − λp I ) j is an
eigenvector corresponding to λi , i = 1, 2, . . . , m. In particular,∏mp=1(A − λp I ) j = 0.
Put m := m(G) and M(x) := (x − λ1)(x − λ2) · · · (x − λm). It was shown that M(x) is a rational polynomial [6].
In fact, M(x) is an integral polynomial by the following result.
Proposition 3. Let λ1, λ2, . . . , λm be all the main eigenvalues of G. Then M(x) = (x − λ1)(x − λ2) · · · (x − λm) is
an integral polynomial.
Proof. Since G has exactly m main eigenvalues, the rank of the walk-matrix W (G) is m and j, A j, . . . , Am−1 j
are linear independent and j, A j, . . . , Am−1 j, Am j are dependent. Thus there exist unique rational numbers
a0, a1, . . . , am−1 such that
Am j = a0 j + a1 A j + · · · + am−1 Am−1 j.
By Lemma 2, all ai must be the elementary symmetric functions of λ1, λ2, . . . , λm , i = 0, 1, . . . , m − 1. Since
λ1, λ2, . . . , λm are algebraic integers and the sums and products of algebraic integers are also algebraic integers,
a0, a1, . . . , am−1 are also algebraic integers. Hence, all ai are integers by the rationality of ai for i = 0, 1, . . . ,
m − 1. 
In [2], Hagos showed that a graph G has exactly two main eigenvalues if and only if G is 2-walk linear. Moreover,
if G is a 2-walk (a, b)-linear connected graph, then the two main eigenvalues λ1, λ2 of G are λ1,2 = a±
√
a2+4b
2 , i.e.,
one has λ1 + λ2 = a, λ1λ2 = −b. Hence, in order to find all graphs with exactly two main eigenvalues, it is sufficient
to find all 2-walk linear graphs.
For 2-walk (a, b)-linear graphs, since (x − λ1)(x − λ2) is an integral polynomial, a and b must be integers. Thus,
we have
Corollary 4. Let G be a 2-walk (a, b)-linear graph. Then both a and b are integers.
If a 2-walk linear graph G is connected, then λ1 ≥ |λ2| and a ≥ 0. It was shown that a 2-walk (0, b)-linear graph
is bipartite semi-regular [3] and it is easy to see that, if a 2-walk (0, b)-linear graph has at least one pendent vertex,
then it must be a star graph.
In [4], all finite and infinite harmonic trees were determined, and it was shown in [5] that no connected irregular
unicyclic or bicyclic graphs can be harmonic, and there exist exactly 4 and 16 connected irregular tricyclic and
tetracyclic harmonic graphs, respectively. In the next section, we determine all 2-walk linear connected unicyclic
graphs, and hence all connected unicyclic graphs with exactly two main eigenvalues.
3. 2-walk linear unicyclic graphs
For a ≥ 2, the tree Ta has been defined in [4] to be the tree with one vertex v of degree a2 − a + 1 while every
neighbor of v has degree a and all remaining vertices are pendent. The star graph K1,n is the tree with n + 1 vertices
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where one central vertex is adjacent to all of the remaining n pendent vertices; and the double star graph Sn+1,n+1 is
the tree with 2n + 2 vertices, where two central vertices u, v are adjacent and they are adjacent to exactly n pendent
vertices, respectively. It is easy to check that Ta is 2-walk (a, 0)-linear, K1,n (n ≥ 2) is 2-walk (0, n)-linear and
Sn+1,n+1 is 2-walk (1, n)-linear.
Theorem 5 ([7]). Ta, K1,n (n ≥ 2), and Sn+1,n+1 are the only 2-walk linear trees.
Proof. This follows immediately from the results in [7]. 
Lemma 6. Let G be a connected and 2-walk (a, b)-linear graph (a > 0). If a2 − a + b + 1 > 0 and
(a2 − a + b + 1)2 + 4(a − 1)b > 0 holds, then
d(u) ≤ a2 − a + ab + 1
holds for every vertex u ∈ V (G), and G has a vertex u with d(u) = a2 − a + ab + 1 if and only if a = 1 and
G = Sb+1,b+1, or a ≥ 2, b = 0, and G = Ta.
Proof. Let v1, v2, . . . , vd(u) be the vertices adjacent to u and let wi j , j = 1, 2, . . . , d(vi ) − 1 be all vertices adjacent
to vi other than u. Then, applying Eq. (1) to vertex vi , we have
ad(vi) + b = d(u) +
d(vi )−1∑
j=1
d(wi j ) ≥ d(u) + d(vi ) − 1. (2)
Thus (a −1)d(vi) ≥ d(u)−b−1. On the other hand, applying Eq. (1) to vertex u, we have ad(u)+b =∑d(u)i=1 d(vi ).
Hence
a(a − 1)d(u) + (a − 1)b = (a − 1)
d(u)∑
i=1
d(vi ) ≥ d(u)(d(u) − b − 1),
that is,
d(u)2 − (a2 − a + b + 1)d(u) − (a − 1)b ≤ 0.
Since (a2 − a + b + 1)2 + 4(a − 1)b > 0 and a2 − a + b + 1 > 0, we have
d(u) ≤ a
2 − a + b + 1 +
√
(a2 − a + b + 1)2 + 4(a − 1)b
2
≤ a
2 − a + b + 1 + |a2 − a + b + 1| + 2(a − 1)|b|
2
≤ a2 − a + b + 1 + (a − 1)|b|
≤ a2 − a + ab + 1,
The above inequalities become equalities if and only if a = 1 or b = 0 and d(wi j ) = 1 for all vertices wi j . If
b = 0 then G must be the tree Ta by Lemma 2.2 of [4]. If a = 1 then d(u) = b + 1. By Eq. (2), we have d(v) = 1 or
d(v) = b + 1 for every vertex adjacent to u. By ad(u) + b =∑v∈NG(u) d(v), there exists exactly one neighbor of u
with degree b + 1. Hence G = Sb+1,b+1. 
Lemma 7. Let G be a connected and 2-walk (a, b)-linear graph. If G has a vertex u with exactly a + b − 1 > 0
pendent vertices, then G = Ta in the case a ≥ 2, and G = Sb+1,b+1 in the case a = 1.
Proof. Since a + b − 1 ≥ 1, a + b ≥ 2. Since d(u) = a + b and u has a + b − 1 pendent vertices, u has only one
more neighbor, say v, that is not a pendent vertex. Applying Eq. (1) to the vertex u we have
a(a + b) + b = a + b − 1 + d(v),
that is, d(v) = a2 − a + ab + 1.
Since a + b ≥ 2, we have a2 − a + b + 1 ≥ (a − 1)2 + 2 > 0 and (a2 − a + b + 1)2 + 4(a − 1)b ≥
((a − 1)2 + 2)2 + 4(a − 1)(2 − a) = (a − 1)4 + 4 + 4(a − 1) > 0. Therefore Lemma 7 follows from Lemma 6. 
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Lemma 8. Let G be a connected 2-walk (a, b)-linear graph possessing at least one cycle. Suppose there exists an
edge such that G − e has two components G1 and G2 with G1 acyclic. Then G1 has exactly one vertex.
Proof. Let w be the vertex of G1 incident to the edge e; Lemma 8 claims that w is the only vertex of G1. Assume the
opposite, namely that G1 has vertices other than w. Because G1 is acyclic, some of these must be pendent vertices;
choose one of the pendent vertices u that is at the greatest distance from w. Let u be adjacent to vertex x (it is
immaterial whether x does or does not coincide with w). Then d(x) = a + b. Among the neighbors of x , if one
belongs to the path connecting w and u and its degree is greater than 1, then all remaining a + b − 1 vertices must be
pendent vertices because otherwise u would not be the vertex at the greatest distance from w. Thus exactly a + b − 1
pendent vertices are attached to vertex x . By Lemma 7, G must be the harmonic tree Ta or the double star graph
Sb+1,b+1, which contradicts the assumption that G has at least a cycle. 
The following terminology comes from [8,9]. We call a vertex v in a graph G a bud if v is not a pendent vertex,
yet all neighbors of v except at most one are pendent vertices, and a knob if v has exactly two neighbors that are not
pendent vertices, and describe as the trunk sk(G) of a graph G the graph obtained by removing all pendent vertices
and edges of G. Lemma 7 says that a connected 2-walk linear graph with at least one bud must be Ta or Sb+1,b+1.
Lemma 8 says that the edge connectivity of the trunk of a connected 2-walk linear graph with at least a cycle must be
more than 1.
Lemma 9. Let v0, v1, v2, v3, v4 be a path or a cycle (if v0 = v4) of a 2-walk linear graph G such that v1, v2, v3 are
knobs and v0, v4 are not pendent vertices, and let pi = d(vi ) − 2, i = 1, 2, 3, denote the number of pendent vertices
adjacent to vi . If p2 > 0, then d(v0) = d(v1) = d(v2) = d(v3) = d(v4).
Proof. Let G be a 2-walk (a, b)-linear graph. Since p2 > 0, we have d(v2) = a + b and v2 has exactly a + b − 2 > 0
pendent vertices. Applying Eq. (1) to vertex v2 we have a + b − 2 + d(v1) + d(v3) = a(a + b) + b. Since a ≥ 1 and
a+b−1 ≥ 2, 4 ≤ a(a+b−1)+2 = d(v1)+d(v3), where the equality holds if and only if d(v1) = d(v3) = 2, a = 1
and b = 2.
If d(v1) = d(v3) = 2, then a = 1, b = 2. Applying Eq. (1) to v3 we have a + b + d(v4) = ad(v3) + b. Thus
d(v4) = 1, a contradiction to d(v4) > 1.
If d(v1) = a + b and d(v3) = 2, applying Eq. (1) to vertex v2, we have a + b − 2 + a + b + 2 = a(a + b) + b,
and therefore (a + b)(2 − a) = b. Since a, b are integers, we have a = 2, b = 0 or a = 0, b = 0, a contradiction.
Similarly, the case d(v3) = a + b and d(v1) = 2 would yield a contradiction.
Thus, we must have d(v1) = d(v2) = d(v3) = a + b > 2 and hence d(v0) = d(v1) = d(v2) = d(v3) = d(v4) by
Eq. (1) 
Let Cr be a cycle of length r ; denote by Ckr the graph attained from Cr by attaching k ≥ 0 pendent vertices to
every vertex of Cr . It is easy to check that Ckr is 2-walk (2, k)-linear for every integer k > 0.
Theorem 10. The graphs Ckr (k > 0) are the only connected 2-walk linear unicyclic graphs
Proof. If G is a 2-walk (a, b)-linear graph, then, by Lemma 8, sk(G) contains no pendent vertices, that is, sk(G) = Cr
for some r . Since G is not a cycle, G must possess pendent vertices and hence a > 0. Suppose the vertex v possesses
at least one pendent vertex, then d(v) = a + b and v has exactly a + b − 2 > 0 pendent vertices.
Case 1: The length r of a cycle is at least 4. By Lemma 9, we know that G must be the graph Ca+b−2r .
Case 2: The length r of the cycle Cr is 3. Let the vertices of the 3-cycle be v, u, w and d(v) = a + b > 2. If
d(u) = 2, applying Eq. (1) to v and u, we have a + b − 2 + 2 + d(w) = a(a + b) + b and 2a + b = a + b + d(w),
respectively. Hence a(a + b) = 2a. Since a > 0, this implies a + b = 2, a contradiction. Hence d(u) = a + b.
Similarly, d(w) = a + b. Hence G = Ca+b−23 . 
Corollary 11. The graphs Ckr (k > 0) are all unicyclic connected graphs with exactly two main eigenvalues.
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